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A variational problem on the determination of an optimum-weight 
radiator-fin profile is formulated so as to result in a uniquely defined 
solution. The results of the computer-derived solution are presented 
here. The effect of certain structural factors on the weight of the ra- 
diator fin is analyzed. 

Many papers  have been devoted to the study of r a -  
diator  f ins,  and these deal pa r t i cu la r ly  with a var ie ty  
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Fig. i. Design diagram. 

of prof i les ,  including: flat [1-4],  t r i angular  [3, 5], 
t rapezoidal  [3], and those with a constant  t empera tu re  
gradient  [3]. It is demons t ra ted  that the above-enu-  
mera ted  complex-prof i le  fins are  l ighter  in weight, 
all  other conditions being equal, than the flat fin. How- 
ever ,  these are  not the l ightest  fins.  Reference  [6] is 
devoted to the solution of the var ia t ional  p roblem con- 
cerned with finding the opt imum-weight  r ad i a to r - f in  
profi le.  The author of that r e fe rence ,  des i rous  of 
achieving an analyt ical  solution, used the function of 
the change in t empera tu re  over the fin as the unknown 
ex t remal  and introduced the ra t io  of the f in- t ip  tem-  
pe ra tu r e  to the f in -base  t empera tu re  as the specified 
ini t ia l  quantity. This  prevented the unique definition 
of the der ived solution. However, f rom the physical  
standpoint the r equ i r emen t  of achieving a fin of the 
lowest possible  weight mus t  also specify uniquely the 
opt imum profi le  of the fin and i ts  d imensions .  

Below we p re sen t  that formula t ion  of the var ia t ional  
p rob lem concerned with de te rmin ing  the op t imum- 
weight r ad i a to r - f i n  profi le  which leads to a uniquely 
defined solution, and we also p r e sen t  that solution. 

Let us t r ans fo rm to d imens ion les s  form the heat-  
balance equation wr i t ten  for a r ad i a to r - f i n  e lement  
(Fig. 1), with the s tandard  assumpt ions  [3], 

d ()~ h~ dT/dx) _ 2e~ T ~, 
dt 

using the following d imens ion less  quanti t ies:  

~ -= hJho, O = T/To, t = x/L, c = 2e~ T3 L~/Lho.. (1) 

Here T is the fin t empera tu re  at c ross  sect ion x; T O 
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is the f in -base  t empera ture ;  k is the thermal  conduc- 
tivity of the fin mate r ia l ;  e is the surface  emiss iv i ty  
of the fin; cr is the Stefan-Bol tzmann constant.  

After  t r ans format ion ,  we der ive  the equation 

d ((p d O/d 0 = c 0 ~ (2) 
dt 

with the boundary conditions 

1) 0 = 1  w h e n t = 0 ,  2 ) d O / d t = O w h e n  t = l .  \ 

Let us wri te  the express ion  for the specific weight 
7 of the fin: 

1 

g p ho f r dt 
6 o 

Qrom Q~om 

where G is the weight of the fin; p is the densi ty of fin 
ma te r i a l ;  Qrem is the heat removed to the su r round-  
ing space per  unit  of fin width, and this, in turn,  can 
be expressed  as 

1 

Qrem = 2ecrT 4 L ~ O~dt. (3) 
0 

Using (1) and (3), by ca r ry ing  out cer ta in  subs t i tu -  
t ions we obtain 

V ---~" 

1 

j' ~dt  2 
p Orem o 
L 4e2 o2T9 o i )3 

0 

We see f rom this express ion  that the fin of the lowest 
weight cor responds  to the mi n i mum of the functional 

! 

J rp dt 
q ) =  o 

1 

c(2 o .t) 3 
0 

which is a function of the d imens ion less  f in-conduct iv-  
ity p a r a m e t e r  c and of the fin profi le,  expressed  in di-  
mens ion l e s s  form by the function qo(t), which is the un-  
known extremal .  

The d imens ions  of the rad ia tor  fin a re  de te rmined  
f rom the following express ions :  

1 

L = Qrem/2ecrT4o S 04dt" 
0 

1 
h~ = 2Q2rem/~e{y756 ( , f  0 r  

o 
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Fig. 2. Profile of  optimum fin. 
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Fin weight versus relative thickness at 
the end of  fin. 
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Fig. 4. Fin weight versus value of  derivative ~ '  at fin base 
and at its end: A) region of  concave profiles; B) region of  
convex profiles; C) region of  concave-convex profiles; 
D) region of  convex-concave profiles; cross-point o f  curves-  

triangular fin. 
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It is  impossible to find the analytical extremal q)(t) 
when the relationship between the functions ~, 0 and 

the parameter c is specified by the second-order non- 

linear differential equation (2) with two-point boundary 

conditions. For this purpose we will use one of the 
direct methods for solving variational problems--the 
method of functional descent [7, 8], which reduces the 

solution of the variational problem to the solution of 

the  p r o b l e m  c o n c e r n e d  wi th  f ind ing  the  o p t i m u m  of the 
func t ion  fo r  m a n y  v a r i a b l e s .  T h i s  m e t h o d  p r e s u p p o s e s  
the p r e l i m i n a r y  s p e c i f i c a t i o n  of the f o r m  of the func t ion  
be ing  sought .  In our  c a s e  we know that  the unknown func -  
t ion m u s t  be p o s i t i v e  and m o n o t o n i c a l l y  d imin i sh ing .  I t  i s  
only at the end of the i n t e r v a l ,  when t = 1, that  the 
func t ion  ~ can van ish .  In p a r t i c u l a r ,  t h e s e  r e q u i r e -  
m e n t s  a r e  s a t i s f i e d  by a t h i r d - d e g r e e  po lynomia l .  The  
c o e f f i c i e n t s  of the p o l y n o m i a l  a r e  d e t e r m i n e d  in th is  
c a s e  f r o m  the v a l u e s  of the func t ion  r and i t s  d e r i v a -  
t ive  ~ '  at  the b a s e  of the  f in  ( (P0,~)  and at  the  end of 

the f in  (q~e, q~e ): 

w h e r e  

g~ = l + at + bP 4- dt s, (4) 

a = ~p~, 

b = 3 ~ 9  e - -  (p ;  - -  3 " - -  2q~; ,  

The  func t iona l  ~ thus b e c o m e s  a func t ion  of four  
! 

i ndependen t  v a r i a b l e s  e, ~o~, ~Oe, and ~o e. 
The  m i n i m u m  of ~ was  d e t e r m i n e d  with the aid of 

the d ig i t a l  M - 2 0  c o m p u t e r .  G iven  f ixed v a l u e s  fo r  c, 
(P0, q~e, and go~, fo r  the so lu t ion  of Eq.  (2), the l a t t e r  
was presented in the fo l lowing  finite-difference form: 

Oi+l ~ Oi + (d O/dt)i At, 

(d O/dt)~+l = [c O~A t - -  (d O/dt)~ ~]/%+. 
The  boundary  condi t ion  d 0 / d t  = 0 when t = 1 was  s a t i s -  
f ied  by p r o p e r  s e l e c t i o n  of (d0/dt)0. 

We s e e  f r o m  the a b o v e - c i t e d  f o r m u l a s  that  the c o m -  
p u t e r  so lu t ion  a s s u m e s  that  the func t ion  r i s  not  equal  
to z e r o ,  even  at  the tip of the fin. In th is  connec t ion ,  
the m i n i m u m  a s s u m e d  va lue  of ~0 was  not  z e r o ,  but 
0.01. In p r a c t i c a l  t e r m s ,  th is  d i s t i n c t i o n  has  no e f fec t  
on the o p t i m u m  p r o f i l e ,  n o r  on the d i m e n s i o n s  of the 
fin. 

Optimization resulted in a minimum value ~ = 3.93, 
which corresponds to c = 0.9, ~ = -2.5, ~ = 0, and 

i 

~Pe = 0.01. The magnitude of the integral .i O~dt' nor- 
0 

really referred to as :he efficiency of the fin, and de- 
termining the length of the fin, is equal to 0.438. The 
optimum-fin profile in accordance with formulas (4) 
is determined by the equation 
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q~ = 1 -- 2,5t + 2.03t 2 - -  0,52t s 

and is shown in Fig. 2. 

In order to produce fins that are easier to fabricate, 
it is very important that we know the influence exerted 
by the parameters which govern the fin profile on the 
weight of the fin and on its dimensions. The proposed 
method of solution permits us to undertake such an 

analysis. It develops that the conductivity parameter e 

has but a slight effect in the 0.8-1.0 interval on the 
weight of the optimum fin. The results from an eval- 

uation of the effect exerted by (Pc on the weight of the 
fin for certain specificfunctions ~ are shown inFig. 3. 
Curves A correspond to concave fins 

-- 1 4.(~po-- 1 ) ( 2 - - u ) t  4. 

+ (u -- 1)(% -- 1)~ ~, 

while curves B correspond to convex fins 

(p = 1 4- u (% - -  1)t 4. (1 --u)(tpe-- 1)t 2. 

Figure 4 shows the effect of the derivatives ~' at 
the base of the fin (~) and at the tip of the fin (~ )  on 
the weight of the fin when the curve for ~ is specified 
in the form of (4) for ~e = 0.01 and c = 0~ 

From the derived data we can draw the conclusion 
that the values of the function ~p and its derivatives at 
the tip of the fin (~e and ~ )  exert particularly signifi- 
cant influence on the weight of the fin; the quantities c 
and ~pJ, however, have very little effect on fin weight. 

Comparison of an optimum-profile fin relative to 
a triangular fin shows that the former is 11% lighter, 
15% longer, and 33% thicker at the base. 
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